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Abstract-A one-leg variable order hybrid scheme is proposed for second-order initial value problems. 
A parameter r. 0 5 r < 2 is incorporated and the resultant formula is p stable and of order 4 if r # 0. 
For r = 0, the method is of order 2 and has a nonvanishing interval of periodicity. Experimental results 
confirm the superiority of the new scheme over an earlier paper of Fatunla (1984). 
1. INTRODUCTION 
We consider the special second-order initial value problem 
Y ” = f(x, Y), Y(Xo) = yo, y’(xo) = y; 
and consider the application of the integration formula 
Yn+? - 2Y:,+, + Y” jlyn+r 
OfI = i 4x,+, + y-G+,, 05r<2 
/=o 
Fatunla (1984) proposed the application of a one leg multistep method 
?‘,I A 2 - 2.~ ,,-, + y,, = h'f x,,+I, tyn+z + ;y,,+, + $ yn 
(1.1) 
(1.2) 
(1.3) 
(1.4) 
to problem (1.1). The application of (1.4) to the scalar test problem 
$’ = - 2’) (1.5) 
yields a (1, 1) Pade approximation to ez, z = ii.h and thus it is p-stable but of low order 
p = 2. Dahlquist ( 1978) established that the most accurate unconditionally stable linear mul- 
tistep method 
$ a,~,,+, = h’ i P,fn+, 
,=o 
(1.6) 
for problem ( 1.1) is the two-step method developed by Richtmyer and Morton (1967. p. 263) 
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and given by 
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y,+2 - 2Y,+, + Y” = a w,,+, + 2fn-, + f,) (1.7) 
whose order p = 2. Equation (1.7) is known to be the equivalent of the trapezoidal scheme 
if (1.1) is reduced to two first-order equations. 
Lambert and Watson (1975) proposed symmetric linear multistep methods which is es- 
sentially (1.6) with the following constraints: 
(i) that the stepnumber k must be even and furthermore 
(ii) that the coefficients of the scheme are such that 
a, = ak_j, 8, = lL,' j = O(1) z. 
Such methods are known to have nonvanishing interval of periodicity. 
Recently, Chawla (1981) developed a two-step hybrid scheme. 
yn+2 - 2y,+, + in = h2G40fn+, + A,(f, + fn+z) + A,(f,,+,-, + fn+,+Jl> (1.8) 
O<s<l 
where 
A0 + .A, + A, = ;, 
A, = (1 - 6s’(l - 2A,))/(l2(1 - s?)), 
A, = (5 - 12A,)/(12(1 - s?)) 
(1.9) 
which is p-stable and of order four. 
The corresponding one-leg multistep method to (1.6) is described by 
a,h +, 
J=o 
= h’f (O.9 2 P,Y.+,), 
‘II = i PjXn+j. (1.10) 
/=o 
We shall develop a one parameter (r) family of one-leg hybrid formula (1.2)-( 1.3) in the 
spirit of Hairer (1978). The resultant formula is p-stable and of order four if r # 0. 
2. DEVELOPMENT OF THE INTEGRATION FORMULA 
With a polynomial P,(Z) of degree j specified by 
- 
1 +$z+ j(j 
1) Z’ 
P,(Z)= (2j)(2j - 1) 2! 0 + “’ 
j(j - 1) ... (2)( 1) Z’ 
+ -** + 
(2j)(2.~ - 1) *.* (j + 1) j! ’ 0 
we obtain another polynomial R(Z) as 
R(Z) = 
which is a (j, j) PadC approximation to ez. 
P,(.wP,( -a 
(2.1) 
(2.2) 
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The application of (1.6) or (1.10) to the test problem (1.5) yield the stability polynomial 
Q<z, ~1 = i Qj(z’)r’, (2.3) 
J=o 
where Q,(Z?) is a polynomial is Z’. 
It is our desire to apply (1.3) to the test problem (1.5) and constrain the resultant stability 
polynomial (2.3) to be equivalent to (2.2). With j = 2, R(Z) is now obtained as 
(2.4) 
and 
Q(Z, r) = 11 - CD2 - ya2)Z2 + y/?;Z"lr" 
- [2 + (8, - ya,)Z* + yPlZ’lr 
+ [ 1 - poz2 + &Z4] = 0. (2.5) 
By equating terms in (2.4) and (2.5) as well as imposing the consistency criteria on both 
(1.2) and (1.3) we obtain the following set of nine equations in ten unknowns: 
(2.6) 
PO + PI + P2 + Y = 1, 
PA + B; + B; = 1, 
a; + a; = -1, 
a; + 2a; = --. 
EquaLion (2.6) can be readily solved to yield the coefficients of the integration formula (1.2) 
and ( 1.3) in terms of a free parameter r: 
a; = r - 2, 
a; = 1 - r, 
p2 = +j + & (1 - r-1, 
(2.7) 
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Some striking examples of the integration formula (1.10) are as follows: 
(i) When r = 0, 
Yn+? - 2Y,*, 
1 14 1 
+ Y” e,, _Y,, + 
9 
- v,_, 
18. 
+ _Y”_? 
9 
, 
c, = A, i.e. p = 2, 
and (ii) When r = 1, 
Y,+I - ZY,,, + Y, = h*f &,I i y,,+? ( 5 + ;‘“+I + +n ! 
i.e. p = 4 
(2.8) 
(2.9) 
3. NUMERICAL EXPERIMENTS 
We first consider the nearly periodic initial value problem of Lambert and Watson (1976) 
specified by 
y” + y = 10e3 (cos x + i sin x), i’= -1 , 
Y(0) = 1, y’(0) = 0 
(3.1) 
whose theoretical solution can be obtained as 
y(.X) = (cos x + 5.10-‘X sin x) + i(sin x + 5.10+x cos x). (3.2) 
The numerical solutions to (3.1) was generated with uniform mesh sizes h, = n/2’+‘, r = l( I)8 
in the interval 0 5 x 5 407r which corresponds to 20 orbits of the point y(x) on the integral 
curve. Two sets of computations were generated in PEC,ECE and PE(C,ECE)’ modes for 
I- = O(O.1)l.g. It is evident from Tables l(a) and l(b) that there is no significant advantage 
in adopting the much more expensive mode PE(C’,ECE)* for problem (3.1). The numerical 
results obtained with a choice of r = 1 is insignificantly more accurate. The overall accuracy 
of the results is corrupted with the adoption of a predictor of order two. Numerical results 
exhibited in Tables 1 and 2 confirm that the new scheme of order four is more accurate than 
one-leg multistep scheme of order two proposed in Fatunla (1984). 
As is evident in Table 1, all the solutions generated by the new scheme spiral outward in 
agreement with the theoretical solution while it was shown in Lambert and Watson (1976) that 
the solution generated with the stormer Cowell five-step scheme 
Yn+5 - 2Y,+‘% + Yn+3 
= $5 (18fn+, + 209f,+b + 4fn+3 + 14f,+? - 6f,+, + f,) (3.4) 
spiral inward. 
Table I(a). Numerical solution to problem (3. I) one-leg hybrid. I - 40n. T(X,) = (v,(.q)~ + &r,):)’ 2 = 1.001.97. 
PEC ECE r mode, r I=-0 
4 h r lO’(r - r(q)) 
3 
4 
5 
6 
7 
x 
9 
IO 
I .010.853 888 I 
1.004,106 2134 
1.002.502 530 
1.002.104 132 
1.002,005 33 
I .oo I ,980 8 
I .001.974 2 
1.001.972 0 
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Table l(b). One-leg hybrid scheme PE(C,ECE)’ mode, r = 0 
9 h IOh.x(T - T(X,)) 
3 nl2? 1.010.383 8410 
4 al24 1.004.079 2106 
5 7tl2J I .lxl2,501 529 
6 nl2h I .002,104 132 
7 n/2’ 1.002,005 33 
8 ni2R 1.001,980 8 
9 n12Y 1.001,974 2 
10 nl2”’ l.O01,972 0 
4 
Table l(c). Hybrid scheme equivalent to one-leg 
‘I 10%x(? - 5(x,)) 
h 1 iteration 2 iterations 
3 n/23 
4 7r/24 
5 n/2’ 
6 nl2b 
7 Rl2’ 
8 ni28 
9 al29 
10 ni2’0 
8669 8208 
2108 2081 
526 524 
131 131 
33 33 
8 8 
2 2 
0 0 
Table 2. Numerical solution to problem (3.1) generated with one-leg multistep scheme, Fatunla (1983~. x, = 40n. 
5(x,) = (y,(x,): + yr(+)‘) = 1.001,97. Estimate of T(x,), I06x error in T 
9 
h = ni2q 
5 lO%r(r - r(x,)) 
3 
4 
5 
6 
7 
8 
9 
10 
1.053.65 51.682 
1.015,23 132,600 
1.005,15 31,803 
1.002,76 791 
1.002,17 198 
1.002,02 49 
1.001.98 12 
1.001,97 3 
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